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Connectivity interdiction



Connectivity interdiction

Problem (connectivity interdiction [Zenklusen, ORL’14])

Let 𝐺 = (𝑉, 𝐸) be a graph with edge weights 𝑤 ∶ 𝐸 → ℤ+ and edge removal costs
𝑐 ∶ 𝐸 → ℤ+ and let 𝐵 ∈ ℤ+ be the budget.
Find 𝐹 ⊂ 𝐸 with 𝑐(𝐹) ≤ 𝐵 s.t. the edge connectivity in 𝐺 − 𝐹 is minimized.

Problem (𝐵‐free min‐cut)

Given the same input, define weight function for cuts

𝑤 ′(𝛿(𝑋)) = min
𝐹⊂𝛿(𝑋)
𝑐(𝐹)≤𝐵

𝑤(𝛿(𝑋) − 𝐹)

Find the cut with minimum weight 𝑤 ′.
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Applications

• drag delivery interdiction
• nuclear smuggling interdiction
• hospital infection control
• ...
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Previous works

Unit cost 𝑐(⋅) = 1 General case Random? Reference

𝑂(𝑚2𝑛4 log 𝑛) 𝑂(𝑚2+1/𝜀𝑛4 log 𝑛) × [Zenklusen, ORL’14]
𝑂̃(𝑚 + 𝑛4𝐵) 𝑂(𝑛4 log(𝐵𝑛𝑤max)𝑇) × [Huang et al., IPCO’24]
𝑂̃(𝑚2 + 𝑛3𝐵) 𝑂̃(𝑚2 + 𝑛3𝑇) × this work

𝑂(𝑚𝑛4 log2 𝑛) 𝑂(𝑚1+1/𝜀𝑛4 log2 𝑛) ✓ [Zenklusen, ORL’14]
𝑂̃(𝑚𝑛3 log𝑤max) ✓ [Drange et al., AAAI’26]
𝑂̃(𝑚 + 𝑛3𝐵) 𝑂̃(𝑚 + 𝑛3𝑇) ✓ this work

Table 1: PTASes for connectivity interdiction

𝑇 is the complexity of FPTAS for 0‐1 knapsack.
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Method in [Huang et al., IPCO’24]

Problem (normalized min‐cut [Chalermsook et al., ICALP’22])

Given the same input as connectivity interdiction, find

argmin
cut 𝐶,𝐹⊂𝐶

𝑤(𝐶 − 𝐹)
𝐵 − 𝑐(𝐹) + 1 𝑠.𝑡. 0 ≤ 𝑐(𝐹) ≤ 𝐵.

... first appear in [Chalermsook et al., ICALP’22] as a subproblem in MWU
framework when solving some positive covering LP1.

1minimum 𝑘‐edge connected spanning subgraph
4



Method in [Huang et al., IPCO’24]

Problem (normalized min‐cut [Chalermsook et al., ICALP’22])

Given the same input as connectivity interdiction, find

argmin
cut 𝐶,𝐹⊂𝐶

𝑤(𝐶 − 𝐹)
𝐵 − 𝑐(𝐹) + 1 𝑠.𝑡. 0 ≤ 𝑐(𝐹) ≤ 𝐵.

... first appear in [Chalermsook et al., ICALP’22] as a subproblem in MWU
framework when solving some positive covering LP1.

1minimum 𝑘‐edge connected spanning subgraph
4



Method in [Huang et al., IPCO’24]

𝜏 is a (1 + 𝜀)‐approximation to the normalized min‐cut
𝐶∗ is the optimal 𝐵‐free cut.

Lemma
There is an edge weight 𝑤𝜏 such that
𝐶∗ is a (2 + 2𝜀)‐approximate min‐cut in (𝐺, 𝑤𝜏 ), where 𝑤𝜏 (𝑒) = min(𝜏𝑐(𝑒), 𝑤(𝑒)) is the
truncated edge weight.

enumerate approx solutions to normalized min‐cut log1+𝜀(𝐵𝑛𝑤max)
reweight the graph 𝑂(𝑚)
enumerate all 2 + 2𝜀 min‐cuts 𝑂̃(𝑛4)
run FPTAS for knapsack on the cut
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LP method

min 
𝑒
𝑥𝑒𝑤(𝑒)

𝑠.𝑡. 
𝑒∈𝑇

𝑥𝑒 + 𝑦𝑒 ≥ 1 ∀spanning tree 𝑇 (𝑥 + 𝑦 is a cut)


𝑒
𝑦𝑒𝑐(𝑒) ≤ 𝐵 (budget for 𝐹 )

𝑦𝑒 , 𝑥𝑒 ∈ {0, 1} ∀𝑒
The integral gap is +∞!
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LP method

Consider its linear relaxation Lagrangian dual.

𝐿𝐷 = max
𝜆≥0

min
cut 𝐶 and 𝐹⊂𝐶

𝑤(𝐶 − 𝐹) − 𝜆(𝐵 − 𝑐(𝐹))

We are interested in 𝐿(𝜆) = min
cut 𝐶 and 𝐹⊂𝐶

𝑤(𝐶) − 𝑤(𝐹) + 𝜆𝑐(𝐹).

Let 𝐶∗ be the optimal 𝐵‐free mincut and let 𝜆∗ be the optimal solution to 𝐿𝐷.

Lemma

𝐿(𝜆∗) ≤ 𝑤𝜆∗(𝐶∗) < 2𝐿(𝜆∗)
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Cogirth of perturbed graphic matroids



Matroid

A matroid 𝑀 = (𝐸, ℬ) is a structure on set 𝐸.
“Bases” ℬ is a collection of subsets with the following properties:
• ℬ ≠ ∅;
• If 𝐴 and 𝐵 are distinct members of ℬ and 𝑎 ∈ 𝐴 − 𝐵,

then there exists 𝑏 ∈ 𝐵 − 𝐴 such that 𝐴 − 𝑎 + 𝑏 ∈ ℬ.

𝑋 ⊂ 𝐸 is a cocycle if 𝑋 ∩ 𝐵 is not empty for all 𝐵 ∈ ℬ.
The size of minimum cocycle is the cogirth.
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Examples

• Graphic matroids. 𝐸 is the edge set. ℬ is the collection of all spanning forests.
Cogirth is the size of min‐cut.

• Uniform matroids. 𝐸 is a large set. ℬ is the collection of all subsets of 𝐸 with 5
elements. Cogirth is |𝐸| − 4.

• Binary matroids. 𝐸 is a set of binary vectors. ℬ is the collection of maximum
linearly independent sets. What is the cogirth?

• ...
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Computing (co)girth

Graphic matroids ⊂ Regular matroids ⊂ MFMC matroids ⊂ Binary matroids
𝑃 𝑃 𝑃 NP‐Hard

Conjecture ([Geelen et al., Ann. Comb. 2015])

For any proper minor‐closed classℳ of binary matroids, there is a polynomial time
algorithm for computing the girth of matroids inℳ.
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Perturbed graphic matroid

Theorem ([Geelen et al., Ann. Comb. 2015])

For any proper minor‐closed classℳ of binary matroids, there exists two constants
𝑘, 𝑡 ∈ ℤ+ such that, for each vertically 𝑘‐connected matroid𝑀 ∈ ℳ, there exist
matrices 𝐴, 𝑃 ∈ 𝔽𝑟×𝑛2 such that 𝐴 is the incidence matrix of a graph, rank(𝑃) ≤ 𝑡, and
either𝑀 or𝑀∗ is isomorphic to𝑀(𝐴 + 𝑃).

Theorem ([Geelen & Kapadia, Combinatorica’17])

There are polynomial‐time randomized algorithms for computing the girth and the
cogirth of𝑀(𝐴 + 𝑃).

Is there a polynomial‐time deterministic algorithm ?

We solve the cogirth part.
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(1, 𝑡)‐signed grafts

Geelen & Kapadia reduce the cogirth problem of PGMs to binary matroids𝑀(𝐴)
with the following representation,

𝐴 =
𝐸(𝐺) 𝑇

⒧ ⒭𝑉(𝐺) 𝐴(𝐺) 𝐵
{𝑠} 𝐶 𝐷

∈ 𝔽(𝑉(𝐺)+𝑠)×(𝐸(𝐺)∪𝑇)2

where 𝐴(𝐺) is the incidence matrix of a graph 𝐺, 𝑇 indexes 𝑡 new columns and {𝑠}
indexes one additional row.

𝑀(𝐴) is a (1, 𝑡)‐signed graft.
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Previous works

Results on computing the cogirth of (1, 𝑡)‐signed grafts:
• 𝑂(𝑟5𝑛) random algorithm [Geelen & Kapadia, Combinatorica’17]
• 𝑛𝑂(1) deterministic algorithm when the {𝑠}‐indexed row is all 0 [Nägele et al.,

SODA’18]
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Method

Theorem ([Chekuri et al., SOSA’19])

Given a matroid𝑀, let 𝜆(𝑀) be its cogirth and let 𝜎(𝑀) be the fractional base packing
number. If there is some constant 𝑐 that 𝜆(𝑀)

𝜎(𝑀) < 𝑐, then the cogirth of𝑀 can be
computed deterministically in polynomial number of calls to the independence oracle.

Theorem
If𝑀 is a (1, 𝑡)‐signed graft, then 𝜆(𝑀)

𝜎(𝑀) is 𝑂(2
𝑡).
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Proof sketch of constant ratio

Lemma
Let𝑀(𝐵) be a binary matroid with constant ratio 𝜆(𝑀)

𝜎(𝑀) .

The ratio 𝜆(𝑀′)
𝜎(𝑀′) is also constant for𝑀′ = 𝑀 ⒧𝐵𝜎⒭

Lemma
Let𝑀 be a binary matroid with representation 𝐴 ∈ 𝔽𝑛×𝑚2 .
Let 𝐴′ be the binary matrix [𝐴, 𝜏] for any binary vector 𝜏 ∈ 𝔽𝑛2 .
If𝑀 and deletion minors of𝑀 have constant gap, then𝑀(𝐴′)/𝜏 has constant gap.
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