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Incentive allocation with constraints

A ride sharing company wants to send riders promotional
coupons in the hope of more rides.

BUDGET

Image courtesy: ChatGPT-5
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Multiple-choice knapsack

Input: n sets of coupons K,, ..., K. Each coupon e € K; has a
non-negative cost ¢, € Z, and value v, € Z,. A positive budget
bez,.

Output: A subset of coupons K that maximizes the total value
Y ek Vo While satisfying [KnK;| <1and ¥, ¢, <b.

eeK ~e
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Three problems with this formulation:

1. Finding the exact optimum is NP-hard. So we consider
solving it approximately.

2. Companies may run multiple campaigns at the same time.
So a trade-off curve between budget and profit will be
useful.

3. The multiple-choice constraint [K n K;| < 1is too strong
for real-world applications.
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Linear programming relaxation

Input: n sets of coupons K,, ..., K. Each coupon e € K; has a

non-negative cost ¢, € Z, and value v, € Z,. A-pesitive-budget
beZ-

+



Incentive allocation Yu Cong, Chao Xu, Yi Zhou UESTC 416

Linear programming relaxation

Input: n sets of coupons K,, ..., K. Each coupon e € K; has a

non-negative cost ¢, € Z, and value v, € Z,. A-pesitive-budget
beZ-

T(b):m;':lx V- X

st. c-x<b

X, €P

K. K, Vie [n]

Output: function 7(b) for b € (0, +o0).
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Linear programming relaxation

Input: n sets of coupons K,, ..., K. Each coupon e € K; has a

non-negative cost ¢, € Z, and value v, € Z,. A-pesitive-budget
beZ-

T
T(b) =max v -x
X
st. c-x<b
X, €P, Viel[n]
Output: function 7(b) for b € (0, +o0).
We focus on 2 kinds of constraints of x, € P, .
1. Cardinality. x, € P, > ¥ ¢ X, < P.
2. Matroid. x, € P, = x, is in the base polytope of a
matroid M,.



Incentive allocation Yu Cong, Chao Xu, Yi Zhou UESTC 5/6

Results

We compute the curve T(b) fast.

Theorem 1 Consider an incentive allocation problem with a
total of m incentives. The trade-off curve is a piecewise linear
concave function with k breakpoints.

« Cardinality constraint. k = 0(mp"/3) and T can be
computed in O((k + m) logm) time.

« Matroid constraint. k = 0(mr"/?) and T can be computed
in O(TR + kR logm) time.
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Problem

We consider the incentive allocation problem with addi-

tional constraints.

Input: A set of coupons E = |JJ; E;, where each coupon

e € E has avalueand a cost v,,c, € Z,. BudgetBe Z,.

Constraints F; on each subset E;.

Output: A subset X c E of coupons that maximizes the

total value ¥, v, while satisfying the budget constraint

¥ eex € < B and additional constraints X N E; € F;

This problem is NP-hard. Consider its LP relaxation.
T(B) = max v - x

<t r.¥<R

Signature Function. Let fi(A) = max{(vg, — Acg)xlx €
conv(F;)} be the signature function of agent i. The sig-
nature function is piecewise-linar and convex.

Lagrangian Dual. The Lagrangian dual of LP1 is therefore

min (BA + Z f,v()\)) .
Theorem 4 t(B) is piecewise-linear and concave.
Computing t(B) is straightforward if f;(A) is known.
Finding f;(A)
Cardinality constraint. For fixed A, computing fi(A) =

max{(vg, — Acg)x | 1 x < p}is the same as finding the p
largest coupons with respect to the weights v, — Ac,. If




