
Exercises in Sariel Har‐Peled’s
Geometric Approximation Algorithms

For errata and more stuff, see https://sarielhp.org/book/
Note that unless specifically stated, we always consider the RAM model.

1 Grid
Ex 1.1 Let 𝑃 be a max cardinality point set contained in the 𝑑‐dimensional unit hypercube such
that the smallest distance of point pairs in 𝑃 is 1. Prove that

⒧√𝑑 + 1⒭
𝑑
≤ |𝑃| ≤ ⒧√𝑑 + 1⒭

𝑑
.

hmm... the first exercise in this book is wrong. See https://sarielhp.org/book/errata.pdf.
The stated lowerbound is actually an upperbound.

Proof: We evenly partition the [0, 1] interval into 𝑚 = ⒧√𝑑 + 1⒭ small segments for each
of the 𝑑 axes. The unit hypercube is partitioned into𝑚𝑑 cells. The length of each cell’s diag‐
onal is  𝑑

𝑚2 < 1. Thus there is at most one point of 𝑃 in each cell and there are ⒧√𝑑 + 1⒭
𝑑

cells.
For lowerbound, one can construct a solution of size 2𝑑 by selecting vertices of the

hypercube. For sufficient large 𝑑 one can find a solution of size (√𝑑/5)𝑑 .1 Let point set 𝑃
be the optimal solution and let 𝑛 = |𝑃|. We place a 𝑑‐dimensional unit sphere around each
point of 𝑃. These 𝑛 spheres must cover the unit hypercube since otherwise we can add
more points into 𝑃. Thus one has 𝑛 vol(1𝑏𝑑) ≥ 1.

𝑛 ≥ 1/ vol(1𝑏𝑑)

= Γ(𝑑/2 + 1)
𝜋𝑑/2

≥ √2𝜋/(𝑑/2 + 1)( √𝑑
√2𝑒𝜋

)𝑑

The last line is greater than (√𝑑/5)𝑑 for large enough 𝑑. □

Ex 1.2 Compute clustering radius. Let 𝐶 and 𝑃 be two given set of points such that 𝑘 = |𝐶| and
𝑛 = |𝑃|. Define the covering radius of 𝑃 by 𝐶 as 𝑟 = max𝑝∈𝑃 min𝑐∈𝐶 ‖𝑝 − 𝑐‖.

1Exercise 1.1 (C) in https://sarielhp.org/book/chapters/min_disk.pdf
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1. find an 𝑂(𝑛 + 𝑘 log 𝑛) expected time alg that outputs 𝛼 such that 𝛼 ≤ 𝑟 ≤ 10𝛼.

2. for prescribed 𝜀 > 0, find an 𝑂(𝑛 + 𝑘𝜀−2 log 𝑛) expected time alg that outputs 𝛼 s.t. 𝛼 <
𝑟 < (1 + 𝜖)𝛼.

Not in the book
Problem 1 (𝑑‐dimensional rectangle stabbing [GIK02]) Given a set 𝑅 of 𝑛 axis‐parallel rect‐
angles and a set ℋ of axis‐parallel 𝑑 dimensional hyperplanes, find the minimum subset of ℋ
such that every rectangle is stabbed by at least one hyperplane in the subset.

This problem is NP‐hard even for the 2D case. There is a LP rounding method which gives a
𝑑‐approximation for dimension 𝑑. Let 𝐾𝑖 ⊂ ℋ be the set of hyperplanes that are orthogonal
to the 𝑖th axis. For a rectangle 𝑟 ∈ 𝑅, denote by 𝐾 𝑟

𝑖 the set of hyperplanes in 𝐾𝑖 that stab 𝑟 .
Consider the following LP.

min 
𝐻∈ℋ

𝑥𝐻

𝑠.𝑡. 
𝑖∈[𝑑]


𝐻∈𝐾𝑟

𝑖

𝑥𝐻 ≥ 1 ∀𝑟 ∈ 𝑅

𝑥𝐻 ≥ 0 ∀𝐻 ∈ ℋ
Let 𝑥∗𝐻 ∶ 𝐻 ∈ ℋ be the optimal solution to the above LP. For each 𝑟 , there must be

some 𝑖 ∈ [𝑑] such that ∑𝐻∈𝐾𝑟
𝑖
𝑥∗𝐻 ≥ 1/𝑑. Denote such a set for rectangle 𝑟 by 𝐾 𝑟

∗ . Suppose
that we find a subsetℋ𝑖𝑛𝑡 ⊂ ℋ and define a integral solution 𝑦𝐻 = 1𝐻∈ℋ𝑖𝑛𝑡 ∪𝑦𝐻 = 0𝐻∉ℋ𝑖𝑛𝑡

such that∑𝐻∈𝐾𝑟∗
≥ 1 for each rectangle 𝑟 . In other words, we restrict the solution such that

every rectangle 𝑟 is stabbed by hyperplanes in 𝐾 𝑟
∗ .

One nice property of this restriction is that now the problem becomes independent for
each dimension. We assign to each rectangle 𝑟 a dimension 𝑖 such that ∑𝐻∈𝐾𝑟

𝑖
𝑥∗𝐻 ≥ 1/𝑑.

This assignment indicates a partition 𝑅𝑖𝑖∈[𝑑] of 𝑅. We want to solve the following IP for
dimension 𝑖 ∈ [𝑑].

𝐼𝑃𝑖 = min 
𝐻∈𝐾𝑖

𝑥𝐻

𝑠.𝑡. 
𝐻∈𝐾𝑟

𝑖

𝑥𝐻 ≥ 1 ∀𝑟 ∈ 𝑅𝑖

𝑥𝐻 ∈ {0, 1} ∀𝐻 ∈ 𝐾𝑖

Another nice property is that the constraint matrix is TUM since one can sort the hy‐
perplanes in 𝐾𝑖 by their intersection with the 𝑖th axis and see that element 1’s locate con‐
secutively in each row in the constraint matrix. Hence, the linear relaxation of 𝐼𝑃𝑖 (denoted
by 𝐿𝑃𝑖) is integral and we can solve 𝐼𝑃𝑖 in polynomial time.

Now we show connections between 𝑥∗ and solutions of 𝐼𝑃𝑖. Let 𝑥∗|𝐾𝑖 be the opti‐
mal solution to the rectangle stabbing LP restricted to hyperplanes in 𝐾𝑖. We also have
∑𝑖∈[𝑑]OPT(𝐼𝑃𝑖) ≤ 𝑑 ∑𝐻 𝑥∗𝐻 since 𝑑𝑥∗|𝐾𝑖 is a feasible solution to 𝐿𝑃𝑖. Then the 𝑑‐integrality
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gap follows from the fact that the union of optimal solutions to 𝐼𝑃𝑖 is a feasible solution to
the rectangle stabbing problem.
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